THREE ARITHMETIC SITES

LIEVEN LE BRUYN

ABSTRACT. Two new arithmetic sites are introduced, based on dynamical Be-
lyi maps and Conway’s big picture, respectively. We relate these to arboreal
Galois representations, Bost-Connes data, and the original arithmetic site due
to Connes and Consani.

Renewed interest in the presheaf topos of a monoid category (the one object
category with given endomorphism monoid) was spurred by the discovery of Connes
and Consani, see [4], that in the special case of A = N7, the multiplicative monoid
of strict positive numbers, the points of the so called arithmetic site, that is, of the
corresponding presheaf topos

points(A\) = Qj_\Af/Z*
are the finite adele classes, a horrific topological space, better studied with the tools
coming from non-commutative geometry.

In this note we will introduce two more such sites and investigate their interplay
with the arithmetic site. The first one, Belyi’s site ]§, is constructed from the
monoid of dynamical Belyi maps, as in [I], and is relevant to the study of the
absolute Galois group Gal(Q/Q), whereas the arithmetic site is relevant to the
abelianisation Gal(Q/Q)%. The second one, Conway’s site 6, is constructed from
a monoid structure on a subset of I'\PGLJ (Q), classifying projective classes of
commensurable integral lattices of rank two, and is relevant to the description of
groups appearing in moonshine, see for example [5] or [I1].

We will study the points of these sites by constructing suitable localic covers of
them. We will construct sheaves on these covers, relevant in the study of arboreal
Galois representations, as in [3] (in the B case), and of Bost-Connes data, as in-
troduced in [I3] (in the C case). Moreover, these three arithmetic sites are related
via a triangle of geometric morphisms

B——=C

NS

o~

A

1. THE ARITHMETIC SITE AND ITS LOCALIC COVER

In order to illustrate the strategy we will use later on in studying the Belyi and
Conway sites, let us recall our approach to the original arithmetic site :&, see [9]
for more details.

With A we denote the poset category of the poset structure on N determined
by reverse division, that is, Ay has an object [k] for every k € NJ and a unique
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morphism [k] — [I] whenever l|k. The covariant functor 7 : A — A sending

the morphism [k] — [I] to the endomorphism % induces a geometric morphism
between the presheaf toposes

m: AL — A

and, as Ay is a poset-category, AL is a locale which we call the localic cover of
A. In [9 it is shown that the points of A, are in one-to-one correspondence
with subsets S C NZ 7 closed under division and taking least common multiples.
The supernatural numbers S is the multiplicative semigroup consisting of formal
products s = [[,cpp where p runs over all prime numbers P’ and s, € NU {0},
so we have a one-to-one correspondence

pOints(KZ) =S S 5= Hpmax(d : ples)
p€eP

We equip S with the localic topology having as its sets of opens the subsets
Xi(UniNY) ={s €S : Ji : n4|s}

By [10, Theorem 1] we know that the locale KZ is equivalent to the topos of sheaves
of sets Sh(S, loc) of the topological space S, equipped with the localic topology.
The upshot being that we can associate to every S € j/X\L, that is to every
contravariant functor S : A —— Sets a sheaf S € Sh(S, loc) of which the stalk
S, in an infinite supernatural number s € S—N7 extends the functor as S([n]) = S,
for n € N7 . Here a couple of examples, see also [6, Remark 2.10 and §4.5]:
Finite fields: Fix a prime number p and let S be the functor

[n] — Fpn

S : Ap — Set
L o {[n]%[m] s Fy > Fpn

for the canonical embedding of fields obtained from taking invariants under the
Frobenius. The stalk of the coresponding sheaf S at a supernatural number s €
S — N7 is then the (infinite) algebraic extension

S, = Un|st

It is well known that algebraic extensions of I, correspond up to isomorphism to
supernatural numbers in this way.
UHF-algebras: Let S be the functor

[n] = M, (C)

S : Ap — Sets { [n] — [m] + M,,(C) —= M,(C)

UHF-algebras are closures of chains of matrix algebras
M, (C) &= M,,(C) — ...

with ni|ng| ..., and are known to be classified up to isomorphism by supernatural
numbers, which in our set-up corresponds to taking the stalk S, of the corresponding
sheaf S € Sh(S, loc).
The geometric morphism 7 : E — A induces a surjection on the level of
points
S = points(/A-Z) — points(j/i) =[§]
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by modding out all finite supernaturals, that is, [S] is the set of classes for the
equivalence relation

s~s & InmeN] : ns=m.s

and it is easy to verify that indeed [S] coincides with the set of finite adele classes
Qi\Af /2* This equivalence relation implies that the points of the arithmetic
site correspond to stable isomorphism classes for the objects classified by a functor
S e E For example, two algebraic extentions of F), (resp. two UHF-algebras) S
and S, are stably isomorphic if there exist m,n € N such that

Ss QFpn ~ Sy QFpm (resp. Ss ® M, (C) ~ Sy & M,,(C) ).

It is known that stable isomorphism classes of UHF-algebras are its Morita equiv-
alence classes. As noncommutative spaces are Morita equivalence classes of C*-
algebras, we can view (the points of) the arithmetic site as the moduli space of the
noncommutative spaces corresponding to UHF-algebras.

2. CONWAY’S SITE AND ITS LOCALIC COVER

In [5] John H. Conway introduced his big picture which is a graph with vertices
the left coset classes '\ PGLJ (Q), where PGL (Q) is the group of all elements in
PGLy(Q) with strictly positive determinant, and T is the modular group PSLy(Z).
We can identify the set I'\ PGL3 (Q) with Q4 x Q/Z via the assignment
M 4

h:| = F.Ozx

Q4 xQ/Z — T\PGL;(Q) X =(M gHF[o 1

"h
For two elements X,Y € Q4 xQ/Z let dxy be the smallest positive rational number
such that de.aXa;,l € GLy(Z). The hyper-distance between the two elements is
then
§(X,Y) = det(dxy.axay') € Ny
Conway showed in [5 p. 329] that this definition is symmetric and that the log of
the hyper-distance is a proper distance function on I'\ PG L3 (Q).
The poset-category Cy, has as its objects X € F\PGL;r (Q) and a unique arrow
Y —— X if and only if §(1,X) < 6(1,Y) and 6(1,Y) = §(1,X).6(X,Y) where 1
is the class of the identity matrix. Conway’s big picture is the graph derived from
C., by only drawing an edge for each arrow Y —— X such that §(X,Y) is a prime
number. An object M = (M,0) for M € N is called a number-class.
Conway showed that each X = (M, {) has exactly p + 1 neighbours in the big
picture at hyper-distance p for any prime number p. These are the classes
Xk:(%,i+ﬁmod1) for0<k<p and X :(pM,@modl)
p hp p h
It is convenient to consider these p-neighbours as the classes corresponding to the
matrices obtained by multiplying ax on the left with the matrices
1k

p 0

frd p p < frnd
Py [0 1] for 0 <k <p,and P, [O J
The classes at hyper-distance a p-power from 1 form a p + 1-valent tree in the big
picture, and the big picture itself 'factorizes’ as a product of these p-adic trees, see
B, p. 332] or [II, Lemma 3]. That is, the class (or object) X at hyper-distance
pk from 1 corresponds to a unique product P,..... P;,.P;, Py of the matrices P;
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with 0 < i < p and P, introduced before with a + b = k. Here, p® is the maximal
number-class on the unique path in the big picture from X to 1. The matrices
P; with 0 < ¢ < p generate a free monoid and satisfy the relation P,.P; = id.
Matrices P; and @), corresponding to different prime numbers p and ¢ satisfy a
meta-commutation relation.

Lemma 1. For distinct primes p and q and for oll 0 < i < p and 0 < j < q there
exist unique 0 < k < p and 0 <1 < q such that

P;.Q; = Qi.P; and further we have P,.Q; = Qq.F, when a = pj mod q
Proof.

1 igtg
P.Q;=|pri pa
- [0 1}
and as 0 < ig + j < pg we have unique 0 < k < p and 0 < | < ¢ such that
q+j=Ip+k. O

Lemma 2. An object X = (M, ) in Cr at hyperdistance N = PP x g x . xrs=
§(1, X) for prime numbers p < q < ... < r can be identified uniquely with a product

PPy, ... PyQi Qs Qjy .. ReRey .. R, P*Q°...R" = Lx.Kx

zolp g
for unique 0 < i, < p, 0 < jp <q,...,0< 2z, <7 and witha+b==Fk,c+d=
l,...,u4+v=s.

Proof. A path in the big picture from 1 to X = (M, ) of minimal length can be
viewed as a product (left multiplication) X;X;_1 ... X5X; with each X; one of the
matrices Py, Qp, - .., Ry. Now use the meta-commutation relations of the previous
lemma. U

Here, Kx = P;}Qg ... R} is the unique number-class at minimal hyper-distance
from X = (M, £). For a number-like class X = (M, £), that is with M € N, we
have Kx = Mh and N = MA2.

Proposition 1. The points of (/31 are in one-to-one correspondence with equiva-
lence classes of finite or infinite sequences X1 > Xo > ... of classes in T\PGL$ (Q)
under the equivalence relation

XlzXQZNY12Y22<:>VZ,3j,I{J : X,LZYE, Y;ZX;C
In particular, the finite points correspond to the objects in Cy,.

Proof. The points of the presheaf topos of a poset-category are the upwards closed
subsets of the poset satisfying the condition that it contains for any two of its
elements an element smaller or equal to both. To any sequence X1 > Xo > ... we
associate the subset {X € T\PGL3 (Q) | 3i : X > X;}. The claims follow from
this. 0

In [I3] M. Marcolli and G. Tabuada developed a broad generalisation of the
classical Bost-Connes system, where roots of unity are replaced by a Bost-Connes
datum (X, 0,,) consisting of

(1) an Abelian group X, possibly equipped with a continuous action of a Galois
group G, and

(2) a family of commuting G-equivariant group endomorphisms o, : ¥ — %
such that o, 00, = Onxm-
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An illustrative example is taking 3 = @*, the algebraic numbers with the canonical
Galois action, and with o, the power map = — 2™, see [13] for more instances. In
many interesting examples the Bost-Connes datum (X, 0,,) will satisfy the following
additional properties

(3) the kernel of o, is the cyclic group of order n, and

(4) there is a family of set-maps s, : ¥ —— 3 commuting among themselves
and with the o, such that their restriction to ¥, = Im(o,) is a set-
theoretic section of the image map

0——=C,——=3X% Yo —=0
N—

and ¥ is the disjoint union of C),-translates of the subset s, (%,).

Let us denote the group operation on ¥ additively, and consider for each prime
number p maps on ¥ (identified as vectors via z +—> {ﬂ) by left-multiplication by

the 'matrices’ for 0 < i < p

|8 mip _|op 0
771—{0 1] and ’Pp—[o J

where C), = Ker(op) = {0 = 20, Z1,p,...,Zp—1,p}. That is, we have for all z € ¥
Pix=sy(x)+x;p, and Pp.x=o0,(x)

As in [13], let p, : ¥, — P(X) be the map sending an element z € %,, to the
set of its pre-images under o,,, then we have p,(z) = {Po.z, P1.2,..., Pp_1.x}. If
we want these operators to satisfy the same meta-commutation relations as the P;
and @; we have to impose

(5) for any two prime numbers p and ¢, for all 0 < i < p and 0 < j < ¢ we have
for the unique 0 < k < p and 0 < < ¢ such that i.g + j = l.p + k that

$p(Tj,q) + Tip = Sq(Tp) + Tig and  op(7jq) = Tayg
for a = p.j mod q.

Proposition 2. Let (¥,0p,s,) be a Bost-Connes datum satisfying conditions (1) —

(5), then we have a presheaf Sx, € (/3\L, defined by assigning to every object X with
unique identifier

PP, .PQjQj .. Q- Ry Ry R, PrQy .. R = Lx . Kx
the set
Ss(X)=Pi,0...0P;,0Qj0...009;, 0...0R,, 0...0R,, (Xky)
and this defines a sheaf Ss; on points(él) equipped with the localic topology.
There is a covariant functor 6 : C;, — A, sending X to §(1, X).

Proposition 3. The fiber 6=1(n) consists of ¥(n) = n]l,,(1+ %) elements where
1 1s Dedekind’s function, and there is a canonical bijection

671 (Tl) AN ]P)%/nZ
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Proof. The stabilizer subgroup of 1 is I and any class X at hyperdistance n maps
under I" to another at hyperdistance n. Further, the joint stabilizer of 1 = (1,0)
and n = (n,0) is the mdular group I'y(n). The canonical bijection then comes from

T'/To(n) ~ GLy(Z)/To(n) ~ P,

where the right-most bijection comes from considering the action of GLy(Z) on
A2 /nz and noticing that the stabilizer subgroup of the line through (1,0) is I'o(n).
([l

The mental image of the geometric morphism ¢ : (/J\L — E might therefore
be that of the structural morphism

7 : Pl —» Spec(Z)
with the inclusion NJ —— C' given by n +— (n, 0) corresponding to the zero section.

We define the Conway monoid C, having p generators F,...,P,_; for each
prime p, with {Pp,...,P,_1} generating a free monoid of rank p. For different
prime numbers p and g we have the meta-commutation relations, given by lemma
forall0<i<pand 0<j<gq

PixQ;=Q* Py, if ig+j=Ip+k

It follows from lemma [2] that the elements of C' are in one-to-one correspondence
with the subcategory C’. of Cp consisting of the objects X € Cp such that 1 =
(1,0) is the number-class of minimal distance from X, and that the poset-structure
on C/, is related to the monoid product via

Y<X & 3INZ:Y=ZxxX

(uniqueness follows because C' is left cancellative).

Note that the multiplication is concatenation of minimal paths from 1. That
is, if X has minimal path Lx from 1 and Z miniimal path Lz, then Z % X is the
object of C, one reaches after walking along path Lz from X. If however X and
Z are objects in Cp, with number classes Kx at minimal distance from X and Lx
a minimal path from Kx to X, and Kz the number class at minimal distance of
Z and Lz a minimal path from Kz to Z, one might consider the product

ZxX = Lz.Lx.Kz.KX

but this product does not always produces an object at hyperdistance (1, X)d(1, Z)
from 1 as Lx might start with a term Py for some prime number dividing Kz. For
example, the only consistent choice of Py * P, would be 1, which is not at the
expected hyperdistance p?. I thank Jens Hemelaer for pointing out this problem.

With C we denote the corresponding monoid-category, whose presheaf-topos C
will be Conway’s site. Because the Conway monoid C'is left cancellative, we have a
covariant functor 7 : C;, —— C which assigns to the unique morphism ¥ — X
between two objects of C’. such that ¥ < X the unique element Z € C such that
Y=7xX.

We will call the points of C; the non-commutative supernatural numbers and
denote them with S,.. That is, S, is the set of equivalence classes of finite or
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infinite products ... * Ay * A1 in C under the equivalence relation

Bjx..xB =UxA;x...x A

...AQ*AlN...BQ*Bl @Vi,ﬂj,k,U,V :
Ap*...x A1 =V *xB;*x...%x B

This functor induces a surjection on the points of the corresponding presheaf
toposes, giving us that
points(C) = [S,]
where the equivalence relations on noncommutative supernatural numbers is given
by restricting to their tails, that is

[..xAsx Ayl ~[..%xBexBy] & Fi,j : [..xA 1+ A =[..xBj1 B

The hyper-distance 6(1, X) from X to 1 gives a morphism of monoids 6 : C' — N7
and hence a geometric morphism to the arithmetic site C— A.

Connes and Consani equip the arithmetic site A with a structure sheaf Loz =
(Z U {—occ},max,+) (the fundamental semi-ring in characteristic 1, with addition
x @y = maz(z,y) and multiplication © ® y = x + y) in order to restrict the large
group of auto-equivalences of the topos :&7 coming from permutations among prime
numbers in the monoid N7 .

The geometric morphism C —— A can be seen as an alternative to this rigid-
ification problem. The only monoid morphism of N7 which lifts to a monoid
morphism of the Conway monoid C, compatible with the morphism ¢, is the iden-
tity map because a class at hyperdistance p must be mapped to another one at
hyperdistance p.

3. BELYI'S SITE AND SOME LOCALIC SUBCOVERS

A (dynamical) Belyi map is a rational map B : ]P’}@ — IP’}@ defined over a number

field with exactly three ramification points which we assume to be {0,1,00} (and
such that B(0) = 0,B(1) = 1 and B(o0) = o0), see for example [I] or [15]. If
B ]P’}@ — }P’}@ is another dynamical Belyi map, then so is their composition
B’ o B, that is, dynamical Belyi maps form a monoid. We will restrict here to the
submonoid of dynamical Belyi polynomials and call it the Belyi monoid B@ or B if
we restrict to polynomials defined over Q.
To a (dynamical) Belyi map B we associate its (framed) dessin (d’enfant) which
is a bicolored graph D(B) drawn on P{ = S? with
e as its black vertices the inverse images B~1(0), (with the vertex 0 labeled),
e as its white vertices the inverse images B~!(1), (with the vertex 1 labeled),
e as its edges the inverse images B~1(0, 1) of the open interval (0, 1).

If B is a (dynamical) Belyi polynomial, then D(B) is a (framed) tree dessin, that
is, a bicolored planar tree.

Two bicolored planar trees T" and T" are said to be combinatorial equivalent is
there is a color-preserving tree isomorphism

v:V(T) — V(T'") and ~:E(T) — E(T')

preserving the orientation around each vertex. That is, for any vertex v of T if ¢, =
(e1,...,ex) is the cyclic order of edges encountered when walking counter-clockwise
around v, then the cyclic order of edges encountered when walking counter-clockwise
around y(v) must be cy ) = (y(e1),...,v(ex)). A framed tree dessin is a bicolored
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planar tree such that a black vertex is labeled 0 and a white vertex is labeled 1. Two
framed tree dessins T and T’ are isomorphic if there is a combinatorial equivalence
v : V(T) — V(T") such that v(0) = 0 and (1) = 1.

Let Aut(Q) = {L = az + 8 : a # 0} be the group of non-constant linear
polynomials under composition. We say that two Belyi polynomials B and B’ are
equivalent if B’ = B o L for some L € Aut(Q). G. Shabat proved that B <> D(B)
gives a one-to-one correspondence between equivalence classes of Belyi polynomials

and combinatorial equivalence classes of tree dessins, see [§, Thm. 2.2.9].

Proposition 4. Every framed tree dessin T is isomorphic to the framed tree dessin
D(B) of a unique (!) dynamical Belyi polynomial B.

Proof. Forgetting the framing of T for a moment, there is Belyi polynomial P € Q|x]
such that T" and the dessin D(P) are combinatorially equivalent by Shabat’s result.
Let o and S be the vertices of D(P) corresponding to the labeled vertices 0 and 1
of T under the equivalence. Consider

L=(f—-a)r+ac Aut(Q)

then B = P o L is a Belyi polynomial such that B(0) = P(a) = 0 and B(1) =
P(8) = 1, whence B is a dynamical Belyi polynomial with framed tree dessin
isomorphic to T'. To prove unicity, assume B’ is another dynamical Belyi polynomial
such that D(B’) is isomorphic to D(B). Then, by Shabat’s result there exists an

L = ax+p € Aut(Q) such that B’ = BoL. But then, the combinatorial equivalence
on vertices is given by

L : V(D(B')) — V(D(B))
and in particular L(0) = 0 and L(1) = 1 whence f = 0 and a« = 1 whence
B’ = B. O
Example 1. The bicolored planar tree

O00O@

can be realised as the tree dessin of the Belyi polynomial (even dynamical Belyi

polynomial) B = x2(3 — 2z), as D(B) is
3

with leftmost white vertex —% and rightmost black verter 5. There are 3 more

(b, w)-couples: a = (0, —%),b = (%,1) and ¢ = (%,—%) The corresponding linear
maps are L, = ,%% Ly = f%m + % and L, = —2x + 2, resulting in the dynamical
Belyi polynomials with corresponding framed tree dessins

o QO %xz(x +3)
e@—.—o < %x(w —3)?
M “ x(4z — 3)?



THREE ARITHMETIC SITES 9

Note that the bicolored planar trees
O O and e OO O

are combinatorial equivalent as they differ by a rotation.

Following [14), §6] we will identify the following parts of a framed tree dessin T

(1) The spine s(T) of T is the unique path in T from 0 to 1,
(2) The body b(T) of T is the subtree consisting of the spine and all branches
attached to a vertex in the spine, different from 0 and 1,
(3) The head h(T) of T consists of all branches attached to 0, except for the
spine ,
(4) The tail t(T) of T consists of all branches attached to 1, except for the
spine.
Given framed tree dessins T' and T” one constructs a new framed tree dessin 7' o T”
as follows (see [14], §6)):

(1) To each black vertex b in 7" attach a number of heads of T' equal to the
valency of b, and separate these copies by the edges in 7" at b .

(2) To each white vertex w in 7" attach a number of tails of T equal to the
valency of w, and separate these copies by the edges in T” at w.

(3) Every edge e in T” will be oriented from the black vertex to the white vertex.
Replace e by a copy of the body of T" respecting the orientation, that is,
such that the O-vertex in T glues to the black vertex and the 1-vertex to
the white vertex of e.

(4) The framing of T'o T” is inherited from that of 7”.

If T~ D(B)and T’ ~ D(B’), then ToT’ ~ D(Bo B’), which allows us to study
the Belyl monoids By and B purely combinatorially by investigating the monoid
structure on framed tree dessins. The absolute Galois group Gal(Q/Q) acts on
(dynamical) Belyi polynomials and hence on (framed) tree dessins. We recall some
Galois invariants and how they behave under composition.

For a (framed) tree dessin T the passport p(T) is the couple (p,,, py) of partitions
of d which are the valencies p,, (resp. pp) of the white (resp. black) vertices of T'.
The automorphism group Aut(T) is the group of combinatorial self-equivalences of
T. This group is always cyclic and can be viewed as rotations around a central ver-
tex preserving colours and valencies. The monodromy group u(T) is the (conjugacy
class) of the subgroup of S; generated by the permutation « having as its cycles
the cyclic ordering of edges ¢, for all black vertices v, and 8 with cycles ¢, for all
white vertices of T

If the passports of the head (minus 0) of T be (hy, hy), of the tail (minus 1) of
T be (tp,tw), of the body (minus 0 and 1) of T be (by, by,). Let the valency at 0 in
T be i and the valency at 1 in T be j. Then, if the passport of 7" is (pp, pw ), and
the degree of B’ is d, the passport of T o T" is

p(ToT') = (h{ x b x t§ x (i.pp), he x L x t& x (j.pw))

i w w

If (ar,Br) is the pair of permutations of E = E(T) giving the cyclic order
of edges around the back (resp. white) vertices of T, and let (ar/,Sr/) be the
permutations on the edges F' = E(T") of T'. Let eg € E be the edge of the spine of
T connected to 0 and e; the edge of the spine of T" connected to 1. If we identify
E X F to the edges E(ToT’), then the permutations giving the cyclic order of edges
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of T oT' around the black (resp. white) vertices are

(ar(e), f) if e # eo,

aror (e, f) = {(QT(6)7QT,(f)) ife=eg

(Br(e), f) if e # e,
(Br(e), Br(f)) if e =€

Proposition 5. The Belyi monoids Bg and B are both left- and right-cancellative,
that s, for all dynamical Belyi polynomials B, B', B”

BoB'=BoB" =B =B" and B oB=B"oB= B =B

Bror (e, f) = {

In fact, we have the stronger result that if deg(B) = deg(B1) and if
B'oB=B"0B, =B =B and B= B,
Proof. 1f deg(B) = deg(B;) and B’ o B = B” o By, then by [8, Lemma 2.4.18] there

exists L = ax + f € Aut(Q) such that By = Lo B = aB + . But then, from
B(0) = 0 = By(0) and B(1) = 1 = By(1) it follows that « = 1 and 8 = 0 and
therefore B = B;. For every c € C take a d € B~!(c), then if B'o B= B” o B we
have that B'(c) = B’ o B(d) = B” o B(d) = B”(c), whence B’ = B”. O

In [I, Prop. 3.1] the following family of dynamical Belyi polynomials defined
over Q was introduced: for each degree d and all 0 < k < d consider the polynomial

B = cmd_k(aoxk +...+ap_12+ ag) € Q[z]

)

with
; k
S I ‘
ai—ﬁ i and C—H‘jgo(dfj)

Note that Bgo = % and Big-1=1—-(1- m)d. The corresponding framed tree
dessin D(Bg) = Eq 1, has vertex 0 of valency d — k, vertex 1 of valency k + 1 and
all remaining vertices are leaf vertices. For example

Eg3 =

Eg 1, has as passport of its head is (197%=1,0), of the body (0,0) and of the tail
(0,1%). But then, the passport of E; ;0T for a framed tree dessin 7' with passport
(Pv; Pw) and n edges

P(EagoT) = (1" x (d — k).py, 1"@F=1 5 (k4 1).p,)

Proposition 6. The Belyi monoids Bg and B contain free sub-monoids:

(1) If{B1,..., By} is a set of dynamical Belyi polynomials of fixed degree d > 2,
then they generate a free sub-monoid of Bg.

(2) The dynamical Belyi polynomials {Baqy | 1 < k <d—2,d > 2} generate a
free sub-monoid of B.
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Proof. (1) follows by induction on the length of words from proposition [5} For (2)
suppose that B and B’ are dynamical Belyi polynomials of degrees n and n’ such
that ByyoB = By oB for 1 <k <d-2and 1<k <d —2. From the
passport of D(Bgy, o B) it follows that D(Bg o B) has n x k black leaf-vertices
and n x (d — k — 1) white leaf vertices. This gives us the equalities
nxk=n"xk, nx(d-k—-1)=n"x(d -k —-1), andnxd=n"xd
from which n = n’ follows, but then proposition 5| finishes the proof. ([

Note that the Belyi monoids have an involution sending B to (1—x)oBo(l1—z).
At the level of the framed tree dessins the involution reverses the colours of the
vertices, swaps the 0 and 1 vertices and rotates the dessin by 180 degrees.

Let By, (resp. B@L) be the poset-category with objects the elements of the Belyi
monoid B (resp. B@) and a unique arrow B — B’ if and only if B < B’, that is
B = B’ o B” for some dynamical Belyi polynomial B”.

Proposition 7. For a dynamical Belyi polynomial B € Q[x] let Q(B —t) be the

finite Galois estension of Q(t) generated by the roots of the polynomial B —t €

Q(t)[e), then
Sgeo + Bgy — Sets B+ Q(B—1t)

is a presheaf, that is a contravariant functor. For a dynamical Belyi polynomial
B € Q[z] let Q(B —t) be the finite Galois extension of Q(t) generated by the roots
of the polynomial B —t € Q(t)[z], then
Sam'th : B, —— Sets B — Q(B — t)

s a presheaf.
Proof. For B — B’ with B = B’ o B” let « be a root of B’ —¢. Then there is a
root 8 of B —t such that B”(8) = a. But then

Q(t)(a) S Q(t)(B) QB —t)
As we can repeat this for all roots of B’ — ¢, we have that Q(B’ —t) is a subfield of
Q(B —t). For B= B’'o B” in By we can repeat this argument giving us that

Q1) () € Q1) (B) € QB — 1)
and therefore Q(B’ —t) is a subfield of Q(B — ). O

Recall that the monodromy group of the framed dessin D(B) is isomorphic to

the Galois group Gal(Q(B —t)/Q(t)).
Let D be a sub-monoid of either B or By and let Dy be the corresponding

poset-category. As in the previous section, we know that points of BZ correspond
to specific upwards closed subsets of Dy. Repeating the argument here we get
that the points correspond to equivalence classes of finite or infinite compositions
BioBso... with all B; € D, under the relation

Blo...OBizBio”.OB;-

BioByo...~BjoBhyo...& Vi, 3,k :
1om29 19529 H= Bjo...oB,>Bjo...0oByg

Let Pp = points(f)?), then the localic topology of Pp has as basis of open sets
Xi((By={p=[BioBzo...]€Pp|3In: Byo...0oB, <B}
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and as there are enough points to separate opens we have f): ~ Sh(Pp,loc). The
stalk of the sheaf Sgc, Or Sgritn corresponding to the induced presheaf Sge, or Soritn
on Dy, at a point p=[ByoByo...]is

(Sgeo)p = UpnQ(Bio...oB, —t) and (Surith)p =UnQ(B1o...0 B, —1)

If D is a free sub-monoid on n generators (see e.g. proposition @, then the points
of /Dz are in one-to-one correspondence with the finite or infinite paths from the
root vertex in the complete rooted n-tree. The localic topology in this case has a
basis of opens U, consisting of all paths containing a fixed finite path .

We will relate the above to the theory of arboreal Galois representations, see for
example [7]. For fixed d let T,, be the complete d-ary rooted tree of level n. Let
Aut(T,) be the automorphism group of T,, which is a subgroup of Sy~ after choice
of labelling of the leaf-vertices. Clearly, Aut(Ty) ~ Sy and by induction

Aut(T,) ~ Aut(T,—1) L Aut(T)

whence Aut(T},) is a subgroup of the n-fold iterated wreath product of Sy by itself.
Let P € Q[z] of degree d, and o € Q be such that for all n we have that

P" _—q=Po...oPoP—a
—_—

n

has d™ distinct roots in Q. Label the vertices of T), as follows: the root vertex will
be «, the vertices in the first layer will be the d roots of P — «, those in the second
layer the roots of P(®) — a grouped together so that their images under P map to
the same root of P — «, and so on until the leaf-vertices which are the roots of
P — o grouped together such that their images under P map to the same root of
P=1) _q. Let K, be the Galois extension of Q generated by the roots of P("™) —q,
then the action of Gal(K,,/Q) gives a morphism

On  Gal(K,/Q) — Aut(T},)

If T is the infinite complete d-ary rooted tree, this procedure results in a contin-
uous morphism

¢p : Gal(Q/Q) —> G po = Olozgln Gal(K,/Q) — Aut(T)

which is called the arboreal Galois representation determined by P and a.

By a result of Jones and Pink, [7, Thm. 3.1], the index [T : Goo, p,o] is infinite
for post-critically finite polynomials P, hence also for all dynamical Belyi polyno-
mials B € Q[z]. In [2] the first explicit description of the arboreal representation
of a cubic polynomial was given for P = —22% 4+ 322 = B; 5 and this was extended
in [3] to all rational Belyi polynomials By ) described above.

Let D be the (free) sub-monoid generated by all dynamical Belyi polynomials
B; € Q[z] of degree d (among which are the By for 0 < k < d). Let a € QN (0,1)
be generic for the finite number of B;, that is B;(a) # 0,1. Let S, be the sheaf on
(Pp,loc) corresponding to the contravariant functor

So : D — Sets B~ Q(B-a)

Proposition 8. The stalk of the sheaf S, in the point p = B;, 0B;,0... is an infinite
Galois extension K, of Q giving rise to a generalised arboreal Galois representation
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of the absolute Galois group

¢p + Gal(Q/Q) —= Gal(K,/Q) — Aut(Tx)

where the n-th layer of Tw is labeled by the d" distinct roots of B;, o...0B; —a,
grouped together in d-tuples having as their image under B, the same root of B;, o
...oB; | —a. In particular, forp= B;oB;o...= Bi(oo) we recover the arboreal
Galois representation corresponding to the dynamical Belyi polynomial B;.

Because the Belyi monoids B and Bg are right-cancellative we have a covariant
functor 7 : B(@) L — B(@ which assigns to the unique morphism B —— B’
between two objects of B(@) ; such that B < B’ the unique element B” € B(@)
such that B = B’ o B”. This functor induces a surjection on the points of the
corresponding presheaf toposes giving us that

points(Bg)) = [Ppg |
where the equivalence relation on points is given by restricting to their tails.

The degree function d of a dynamical Belyi polynomial gives a morphism of
monoids d : B — Nj_ and d : B@ — Nj_, and therefore geometric morphisms
to the arithmetic site

B——~ A and ]% —+ A
Remaiuns to link the Belyi-site(s) to the Conway-site. The approach below is inspired
by [12, Prop. 2.25]. Let B and B’ be two dynamical Belyi polynomials, then we
have seen that the number of black vertices of D(B o B’), that is,

#(B o B')71(0) = deg(B')(#B~1(0) — 1) + #(B')~(0).
But then, the map

B:Bg —C B

1 #B71(0)-1
deg(B) deg(B)
0 1

is a morphism of monoids, with image the sub-monoid of C' generated by the P;
with 0 < ¢ < p for all prime numbers p (look at the images of the By ). Further,
the hyperdistance §(3(B),1) = deg(B), so the monoid map § induces a geometric
morphism between the sites giving rise to the commuting triangle
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