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new topology on µµµ∞

α↔ β iff ord(αβ ) = pk

stable under Gal(Q/Q)

new functions on µµµ∞

lim
←

Z[q, q−1]/([n]!)

[n]! = (1− q)(1− q2) . . . (1− qn)

1 + [1]! + [2]! + . . . + [n]! + . . . = −1
2

∑∞
n=1 nχ12(n)q

n2−1
24

”functions leaking out of roots of unity” (Zagier)
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(Φn(q),Φm(q)) 6= Z[q, q−1]⇔ m

n
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Kostant duality : algC
o --

coalgC∗
mm

Ao = {f ∈ A∗|Ker(f ) ⊃ I / A, dimCA/I <∞}

geoC(A) = simp(A)↔ corad(Ao),O(geoC(A)) = (Ao)∗
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−→
ext :

{
vertices (grouplike)↔ simples(A)

arrows (skewprims)↔ basis Ext1
A(S , S ′)

A∞-structure on ext• = ⊕extn, extn = ⊕S ,S ′ExtnA(S , S ′)

(homotopy Maurer-Cartan) µ = ⊕mi : C
−→
ext→ ext2

Ao is coMorita-equivalent to maximal sub-coalgebra of

C
−→
ext contained in Ker(µ)

commutative case

A = C[X ], Ao = ⊕x∈X lim
→

(A/mn
x)∗

A→ O(geoC(A)) = (Ao)∗ =
∏

x∈X Âmx
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Borger’s commutative approach via λ-rings

A/I λ− ring︸ ︷︷ ︸
f.g. free/Z


geoF1

(A) = lim
→

min(A/I )

Ao
λ = lim

→
(A/I )∗

O(geoF1
(A)) = lim

←
A/I

noncommutative example : discrete group Γ

Γ→ GLn(F1) = Sn repF1
(Γ) = repF1

(Γ̂)

Γ // // G finite

geoF1
(ZΓ) = lim

→
min(ZG )

O(geoF1
(ZΓ)) = lim

←
ZΓ/Pe1

i1
Pe2
i2
. . .Pek

ik
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Γ = PSL2(Z) = C2 ∗ C3 = 〈x , y | x2 = y 3 = 1〉

n = dim(V ) = (a1, a2; b1, b2, b3)66

((

��

m = dim(W ) = (c1, c2; d1, d2, d3)66

BB

(( |Ext1
CΓ(V ,W )| = δVW + nm −

∑
aici −

∑
bjdj

permutation representations Γ↔ ’dessins d’enfant’

V = CG/H ⇒
−→
ext | irr(V ) is Galois invariant

”the truly unimaginable richness of Γ = PSL2(Z), doubtless the most

remarkable discrete infinite group ever encountered. All algebraic curves

defined over number fields are ’contained’ in the profinite completion Γ̂”

A. Grothendieck ”Sketch of a programme”
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a = (1, 2)(3, 4)(5, 6)(7, 8)(9, 10)(11, 12)

b = (1, 6, 2)(5, 7, 9)(8, 4, 11)

〈a, b〉 = M12 CM12/M11 = T ⊕ X

dim(T ) = (1, 0; 1, 0, 0) dim(X ) = (5, 6; 5, 3, 3)

Q(
√
−11) ))ii ��

PP
18

pp
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