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There are at least two well-developed theories of noncommutative smoothness. Auslander reg-
ularity (generalizing Serre’s homological characterization of commutative regular algebras) is well
suited to deal with questions from K-theory, derived categories and intersection theory. Formally
smooth algebras and smooth orders (generalizing Grothendieck’s categorical characterization of
commutative regular algebras) are well suited to deal with geometric questions such as the étale
local structure (of the algebra and its center) and Brauer-Severi varieties. Not surprisingly, ’real life
situations’ (such as stringtheory) often require the best of both worlds.

1. Definitions

Let A be an affineC-algebra and denote withrepn A the affine scheme ofn-dimensional rep-
resentations ofA. The basechange groupGLn acts on this scheme and the geometric points of
the algebraic quotientissn A = repn A//GLn classify the isomorphism classes of semisimple
n-dimensional representations ofA. In general,repn A can have several connected components
and in the decomposition

repn A =
⊔

α

repα A

we say thatα is a dimension vector of total dimension|α| = n. The corresponding algebraic
quotient will be denoted byissα A and its coordinate ringZα = C[issα A] is a central subring
of the algebra ofGLn-equivariant maps

∫

α

A = Mn(C[repα A])GLn

from repα A to Mn(C). The algebra
∫
α

A is a Noetherian algebra and is a finite module overZα.
We define twoα-relative notions of noncommutative smoothness onA.

Definition 1 A is said to beα-Auslander regular (or equivalently,
∫
α

A is Auslander regular) if
the following conditions are satisfied forB =

∫
α

A :

1. B has finite global dimension,gldim(B) < ∞.
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2. For every finitely generated leftB-moduleM , every integerj ≥ 0 and every (right)B-
submoduleN of ExtjB(M,B) we have thatj(N) ≥ j, Here,j(N) is thegrade numberof
N which is the least integeri such thatExtiB(N,B) 6= 0.

3. For every finitely generated leftB-moduleM we have the equality

GKdim(M) + j(M) = GKdim(B)

whereGKdim denotes the Gelfand-Kirillov dimension, see for example [13].

A major application of this notion is that it allows us to study finitely generatedB-modules in
terms of pure modules using the spectral sequence

Ep,−q
2 (M) = ExtpB(ExtqB(M,B), B) ⇒ Hp−q(M)

whereH0(M) = M andH i(M) = 0 for i 6= 0. By property(2) the second term of this sequence
is triangular.

Definition 2 A is said to beα-smooth (or equivalently,
∫
α

A is a smooth order) if the following
conditions are satisfied :

1. The connected componentrepα A is a smooth variety.

2. A Zariski open subsetazuα A (the Azumaya locus ofA) of repα A consists of simple
representations.

By (2) the quotientrepα A
π
-- issα A is generically a principalPGLn-fibration and

hence determines a central simple algebra of dimensionn2 (wheren = |α|) over the function field
of Zα. By (1), Zα is integrally closed and therefore

∫
α

A is an order in the central simple algebra
having as its centerZα. The main application of this notion is that it allows us to describe the étale
local structure of

∫
α

A and ofZα. Let ξ be a point ofissα A with corresponding semi-simple
n-dimensional representation

M = S⊕e1

1 ⊕ . . . ⊕ S⊕ek

k

Consider thelocal quiver setting(Q, ǫ) whereQ is the finite quiver onk vertices{v1, . . . , vk} (cor-
responding to the distinct irreducible components ofM ) such that the number of oriented arrows
from vi to vj is given by the dimension of the extension spaceExt1A(Si, Sj). The dimension vector
ǫ of the quiverQ is given by the multiplicities(e1, . . . , ek) with which these simple components
occur inM . To be precise, there is aGLn-equivariant étale local isomorphism betweenrepαA

and the associated fiber bundle
GLn ×GL(ǫ) repǫQ

whererepǫQ is the vectorspace ofǫ-dimensional representations of the quiverQ on which the
groupGL(ǫ) = GLe1

×. . .×GLek
acts by basechange. Moreover, the embeddingGL(ǫ) ⊂ - GLn

is determined by the dimensionsdi of the simple componentsSi. As a consequence, there is an
étale local isomorphism betweenissαA and the quotient varietyissǫQ = repǫQ//GL(ǫ), the
variety parametrizing isoclasses of semisimpleǫ-dimensional representations ofQ. In particular
this allows us to control the central singularities which were classified in low dimensions in [8].
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2. Auslander regularity

In reverse geometric engineering of singularities in stringtheory (see e.g. [5,§2]) one is interested
in the case that the non-Azumaya locus (the ’non bulk representations’ in physical lingo) consists
of isolated singularities. We are able to determine the étale local structure of suchα-smooth orders.

Lemma 1 LetA be anα-smooth order such that{p} is an isolated singularity which is locally the
non-Azumaya locus. Then, theétale local structure of

∫
α

A in p is determined by a quiver setting

1 1

1

1

11

kl +3

k1
;C

����
����

k2

KS
k3

[c????
????

k4

ks

$$

whereQ hasl vertices and allki ≥ 1. The central dimension is

d =
∑

i

ki + l − 1

Proof.To start,ǫ is the dimension vector of a simple representation ofQ. By the results of [14] this
implies thatQ is a strongly connected quiver (any pair of verticesvi, vj is connected by an oriented
path inQ starting atvi and ending invj) and that the dimension vectorǫ satisfies the numerical
conditions

χQ(ǫ, δi) ≤ 0 and χQ(δi, ǫ) ≤ 0

whereχQ is the Euler-form of the quiverQ (that is, the bilinear form onZk determined by the
k × k matrix whose(i, j)-entry isδij− the number of arrows fromvi to vj and whereδi is the
basevector concentrated invi). Next, we claim thatǫ = (1, . . . , 1). If not, there areǫ-dimensional
semi-simple representations ofQ of representation type

(1, (1, . . . , 1); e1 − 1, δ1; . . . ; ek − 1, δk)

(the first factor indeed corresponds to a simple representation of Q asQ is strongly connected)
which is impossible byGLn-equivariance and the fact that the non-Azumaya locus is concentrated
in p (which corresponds to the point of representation type(e1, δ1; . . . ; ek, δk)).

We claim that every oriented cycle inQ has as its support all the vertices{v1, . . . , vk} and
consequently that the quiver setting(Q, ǫ) is of the following shape :

1 1

1

1

11

kk +3

k1
;C

����
����

k2

KS
k3

[c????
????

k4

ks

$$
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Indeed, letC be an oriented cycle of minimal support inQ, let δiC = 1 iff vi ∈ supp(C) and
zero otherwise and letδC = (δ1C , . . . , δkC). Then, ifC 6= {v1, . . . , vk} there would be points of
representation type

(1, δC ; e1 − δ1C , δ1; . . . ; ek − δkC , δk)

contradicting the assumptions. That is, the Euler-form of the quiverQ is given by the matrix




1 −k1 0 . . . . . . 0

0 1 −k2 0
...

. . . . . .
...

...
. . . −kk−1

−kk 0 0 . . . . . . 1




and the statement on the dimension follows again from [14].

Theorem 1 If
∫
α

A is a smooth order such that its non-Azumaya locus consists ofisolated singu-
larities, then

∫
α

A is Auslander regular.

Proof.From [14] we recall that the ring of polynomialGL(ǫ)-invariants onrepǫQ is generated by
the traces along oriented cycles inQ. Therefore,

C[issǫQ] = C[repǫQ]GL(ǫ) = R = C[xi1(1)xi2(2) . . . xik(k); 1 ≤ ij ≤ kj ] ⊂ C[repǫQ]

Therefore,p is a singular point ofZα = issαA if and only if at least two of theki ≥ 2 because by
the étale local isomorphism the completion of the coordinate ringC[issαA] at the maximal ideal
determined byp is isomorphic toR̂, the completion ofR at the maximal ideal generated by all
traces along oriented cycles inQ.

Similarly, we can determinê
∫
α
A, the completion of the smooth order

∫
α

A at the central
maximal ideal determined byp from [14],

∫̂

α

A ≃




Md1
(R̂) Md1×d2

(M12) Md1×d3
(M13) . . . Md1×dk

(M1k)

Md2×d1
(M21) Md2

(R̂) Md2×d3
(M23) . . . Md2×dk

(M2k)

Md3×d1
(M31) Md3×d2

(M32) Md3
(R̂) . . . Md3×dk

(M3k)
...

...
...

. . .
...

Mdk×d1
(Mk1) Mdk×d2

(Mk2) Mdk×d3
(Mk3) . . . Mdk

(R̂)




Here,di = dimC(Si) andMij is theR̂-submodule ofC[[xi(j), 1 ≤ i ≤ kj , 1 ≤ j ≤ k]] generated
by the oriented paths inQ from vi to vj .

The strategy to prove that̂
∫
α
A is Auslander regular is to use theGL(ǫ) = C∗×. . .×C∗-action

on repǫQ to obtain central elements of̂
∫
α
A corresponding to certain arrows. Modding out these

elements in a specific order will reduce the quiver until we are left with a hereditary (in particular,
Auslander-regular) order. We can then retrace our steps using the result that ifB is a Noetherian
algebra with central elementc such thatB/(c) is Auslander-regular, then so isB.
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Let {z1, . . . , zl} be the vertex-indices such thatkzi
≥ 2 and after cyclically renumbering the

vertices (if needed) we may assume thatzl = k. For alli 6= z1 setxi(1) = 1 and letR̂1 respectively
B̂1 be the algebra obtained from̂R respectively

∫̂
α
A using these assignments, then clearly,

R̂ ≃ R̂1 and
∫̂

α

A ≃ B̂1

The advantage of this change of generators is that{xz1
(1), . . . , xz1

(kz1
)} are generators of̂R1 and

the quotient-algebras

R1 =
R̂1

(xz1
(2), . . . , xz1

(kz1
))

respectively B1 =
B̂1

(xz1
(2), . . . , xz1

(kz1
))

are isomorphic to the completion of the algebra of polynomial invariants (resp. equivariant maps)
of the quiver setting(Q1, ǫ) whereQ1 has the same shape asQ except that there is just one arrow
from vz1

to vz1+1. Repeat this procedure, starting with the quiver setting(Q1, ǫ) with vertexvz2
.

That is, for alli 6= z2 setxi(1) = 1 and letR̂2 respectivelyB̂2 be the algebra obtained from the
completion of the algebra of polynomial invariants (resp. equivariant maps) of the quiver setting
(Q1, ǫ) using these assignments and letR2 respectivelyB2 be the quotient algebras obtained by
modding out the generators{xz2

(2), . . . , xz2
(kz2

)} of R̂2 and observe that these quotients are the
relevant algebras corresponding to a quiver setting(Q2, ǫ) whereQ2 has the same shape asQ1

except that there is just one arrow fromvz2
to vz2+1 and so on.

After l iterations of this procedure we arrive at the quiver setting(Ql, ǫ) whereQl is of the
form

1 1

1

1

11

x //

1
??�����

1

OO
1

__?????
1

oo

$$

from which we deduce thatRl ≃ C[[x]] and that

Bl ≃




Md1
(C[[x]]) Md1×d2

(C[[x]]) Md1×d3
(C[[x]]) . . . Md1×dk

(C[[x]])

Md2×d1
(xC[[x]]) Md2

(C[[x]]) Md2×d3
(C[[x]]) . . . Md2×dk

(C[[x]])

Md3×d1
(xC[[x]]) Md3×d2

(xC[[x]]) Md3
(C[[x]]) . . . Md3×dk

(C[[x]])
...

...
.. .

...
Mdk×d1

(xC[[x]]) Mdk×d2
(xC[[x]]) Mdk×d3

(xC[[x]]) . . . Mdk
(C[[x]])




It is well known thatBl is an Auslander-regular algebra and as we divided out central elements
in each step (and in each step, the localizations at these central elements are Azumaya algebras
with regular center hence Auslander regular), we derive using [15, theorem III.3.6] that alsô

∫
α
A

is Auslander-regular. Because Auslander-regularity is preserved under central étale extensions and
becauseA is at all other points an Azumaya algebra over a commutative regular ring, Auslander
regularity ofA follows.
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3. Isolated singularities

In this section we will give the étale local structure of anα-smooth order in an isolated central
singularity. That is, we will extend lemma 1 without the condition on the Azumaya locus. Because
anα-smooth order is locally determined by a quiver setting (seesection 1) the problem reduces to
classifying all quiver settings(Q,α) such thatissα Q is an isolated singularity.

If v is a vertex having no loops inQ and such thatχQ(ǫv, α) ≥ 0 or χQ(α, ǫv) ≥ 0, then we
replace the quiver setting(Q,α) by (Q′, α′) whereQ′ is the quiver obtained fromQ by deleting
the vertexv and adding arrows corresponding to2-paths throughv




/.-,()*+u1 · · · /.-,()*+uk

/.-,()*+αv

ccGGGG
;;wwww

/.-,()*+i1

;;xxxx
· · · '&%$ !"#il

ccGGGG


 −→




/.-,()*+u1 · · · /.-,()*+uk

/.-,()*+i1

OO ::uuuuuuuuuu
· · · '&%$ !"#il

OOddIIIIIIIIII


 .

(note that some of the vertices in the picture may coincide leading to loops). The dimension vector
α′ = α | supp Q′. The reduction step(Q,α) - (Q′, α′) will be denoted byRv

I .

Theorem 2 LetA be anα-smooth order andp a central isolated singularity. Then, theétale local
structure of

∫
α

A in p is determined by a quiver setting(Q, ǫ) which can be reduced, via iterated
use ofRv

I , to a quiver setting

1 1

1

1

11

kl +3

k1
;C

����
����

k2

KS
k3

[c????
????

k4

ks

$$

with l ≥ 2 vertices and allki ≥ 2. The central dimension is equal to

d =
∑

i

ki + l − 1

Contrary to the situation of the previous section, we can have central pointsq ∈ issα A

corresponding to proper semi-simple representations

M = S⊕e1

1 ⊕ . . . ⊕ S⊕el

l

such thatissα A is smooth inq, or equivalently, that thelocal quiver setting(Qq, ǫq) defined in
section 1 iscoregular, that is,issǫq Qq is a smooth variety. Thanks to [7] we have a classification
of coregular quiver settings. For a quiver setting(Q,α) with a vertexv such thatαv = 1 and there
are loops inv we define the reduction stepRv

II to be(Q,α) - (Q′, α) whereQ′ is the quiver
obtained fromQ by removing the loops inv.

For a quiver setting(Q,α) and a vertexv such thatαv = k > 1, there is a unique loop inv
and the neighborhood ofQ in v is one of the situations on the left hand side of the pictures below
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[
'&%$ !"#k

�� ))SSSSSSSSS
��

��������1

>>}}}}
/.-,()*+u1 · · · /.-,()*+um

]
−→

[
'&%$ !"#k

�� ))SSSSSSSSS

��������1

k :B
}}}}
}}}} /.-,()*+u1 · · · /.-,()*+um

]
,

[
'&%$ !"#k

~~}}
}}

��

��������
1

/.-,()*+u1

OO

· · · /.-,()*+um

iiSSSSSSSSS

]
−→

[
'&%$ !"#k

k
z� }}

}}}}
}}

��������
1

/.-,()*+u1

OO

· · · /.-,()*+um

iiSSSSSSSSS

]
.

(again, some of the vertices may be the same). Then we define a reduction stepRv
III which sends

(Q,α) - (Q′, α) whereQ′ is Q with the neighborhood ofv replaced by the situation on the
right hand side of the pictures. The main result of [7] asserts that(Q,α) is a coregular quiver
setting if and only if it can be reduced by an iterated use of the reduction stepsRv

I , R
v
II andRv

III

(and their inverses) to one of the three quiver settings below :

'&%$ !"#k '&%$ !"#k

��
��������2

��
ZZ.

A representation typeτ = (e1, β1; . . . ; el, βl) of a quiver setting(Q,α) satisfiesα = e1β1 +

. . .+elβl and allβi are dimension vectors of simple representations ofQ (and we have a description
of those from [14]). The local quiver setting in a pointξ ∈ issα Q of representation typeτ depends
only on τ : Qτ is the quiver onl vertices such that there are exactlyδij − χQ(βi, βj) arrows (or
loops) from thei-th to thej-th vertex andατ = (e1, . . . , el), see [14]. ThestratumSτ consisting
of all points inissα Q having representation typeτ has dimension

dim Sτ =
∑

loop

(lj − 1)e2
j + 1

where the sum is taken over all verticeswj having loops inQτ , see [14]. If we apply this to the
representation type(α1, ǫ1; . . . ;αk, ǫk) of the trivial representation we deduce :

Lemma 2 If (Q,α) is a quiver setting such thatissα Q is an isolated singularity, then there are
no loops inQ.

If (Q,α) ........- (Q′, α′) is a sequence of reductionsRv
I , R

v
II or Rv

III we have that either

issα Q = issα′ Q′ or issα Q = issα′ Q′ × Cz

for somez (see [7]). By this and the lemma we have that any reduction of aquiver setting(Q,α)

with issα Q an isolated singularity involves only reduction stepsRv
I . We will characterize the

reducedsettings, that is those that cannot be reduced further.

Lemma 3 If (Q,α) is a reduced quiver setting withissα Q an isolated singularity, thenα = 1 =

(1, . . . , 1).

Proof. Assumev is a vertex having maximalαv ≥ 2. Because(Q,α) is reduced it follows from
the definition of reduction stepRw

I that for all verticesw we have

χQ(ǫw, α) < 0 and χQ(α, ǫw) < 0

– 7 –



Therefore, by[14] we have thatα− ǫv is the dimension vector of a simple representation ofQ and
we look at the local quiver setting(Qτ , ατ ) for the representation typeτ = (1, ǫv ; 1, α − ǫv). This
is of the form

��������1

a
&. ��������1 k
zz

b

fn

wherea = −χQ(ǫv, α− ǫv) = −χQ(ǫv, α)+1 ≥ 2, b = −χQ(α− ǫv, ǫv) = −χQ(α, ǫv)+1 ≥ 2

andk = 1− χQ(α− ǫv, α− ǫv). Therefore,(Qτ , ατ ) is not coregular and henceissα Q is not an
isolated singularity, a contradiction.

Proof of theorem 2 : If (Q,α) is a quiver setting such thatissα Q is an isolated singularity, we
can reduce it by iterated use ofRv

I to a setting(Q′,1) by the previous lemma. We now claim that
Q′ is of the prescribed form, that is that every cycle inQ′ passes through all vertices. If not let
{vi1, . . . , vip} be the vertices through which a cycle doesnot pass and consider the representation
type

τ = (1,1 − ǫvi1
− . . . − ǫvip

; 1, ǫvi1
; . . . ; 1, ǫvip

)

The local quiverQτ hasp + 1 vertices{w0, w1, . . . , wp} wherewj corresponds tovij and w0

collects the remaining verticesV of Q. Via this identification, the quiver on{w1, . . . , wp} is
identical to that ofQ on{vi1, . . . , vip} and the number of arrows from (resp. to)w0 to (resp. from)
wj is equal to the number of arrows from (resp. to)V to (resp. from)vij in Q and there is a number
of loops inw0.

If (Qτ ,1τ ) is reduced (after removing the loops atw0), then it cannot be coregular by [7] as
Qτ has at least two vertices whenceissα Q is not an isolated singularity.

If (Qτ ,1τ ) can be reduced (after removing the loops atw0), then the only possible reduction
step isRw0

I as allwj (j ≥ 1) have at least two incoming and two outgoing arrows. The follow-
ing lemma asserts that(Qτ ,1τ ) cannot be regular whence againissα Q cannot be an isolated
singularity.

Lemma 4 A coregular quiver setting(Q,1) with Q strongly connected and having more than one
vertex has at least two verticesv allowing reduction stepRv

I .

Proof. By induction on the numbern of vertices. Ifn = 2, then by the classification of coregular
quiver settings(Q,1) must have the form

��������1
**

l2
 (

��������1 l1
v~

k

fn .

whence (after removing the loops) both vertices allow reduction RI . If n > 2 perform one reduc-
tion Rv

I (say with one outgoing arrow ending inw) to produce of quiverQ′ onn−1 vertices. InQ′

only w can change its (ir)reducible status (either way). As we removed the reducible vertexv from
Q the number of reducible vertices inQ′ is less than or equal the number of reducible vertices of
Q but by inductionQ′ has at least two reducible vertices.
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Theorem 3 The isolated central singularities of anα-smooth orderA and aβ-smooth orderB
are étale equivalent if and only if their local quivers can be reduced to quiver settings

1 1

1

1

11

kl +3

k1
;C

����
����

k2

KS
k3

[c????
????

k4

ks

$$ resp. 1 1

1

1

11

ml +3

m1
;C

����
����

m2

KS
m3

[c????
????

m4

ks

$$

having the same number of vertices and such that thel-tuples(k1, . . . , kl) and (m1, . . . ,ml) are
the same upto a permutation.

Proof. We give two proofs of this result. By [14] the coordinate ringof a quotient varietyissǫ Q

is generated by traces along oriented cycles in the quiverQ. In the case of the left hand quiver
settings, these invariants are easy to determine : the dimension of the powermi of the maximal
graded idealmi/mi+1 is equal to

Mi =

(
k1 + i − 1

i

)
. . .

(
kn + i − 1

i

)

whenceMi+1/Mi = (i + 1)−n(i + k1) . . . (i + kn). The rational function

f(x) =
(x + k1) . . . (x + kn)

(x + 1)n

is determined by its values on allx ∈ N whence the dimension-sequenceMi+1/Mi determines the
roots and their multiplicity (note that none of theki = 1 as the quiver setting is reduced. From this
the difficult part of the result follows. Alternatively, theresult follows from the fact thatissǫ Q is
the cone on the projective varietyPk1−1 × . . . × Pkn−1.

4. Applications

A quiver gauge theory consists of a quiver setting(Q,α) together with the choice of a necklace as
in [6] (a superpotential) W ∈ dR0

V CQ = CQ/[CQ, CQ], that is,

W =
∑

j

ai1 . . . ailj

is a sum of oriented cycles in the quiverQ with arrows say{a1, . . . , al}. Such a necklace induces
aGL(α) invariant polynomial function

W : repα Q - C V 7→
∑

j

Tr(Vai1
. . . Vailj

)

and hence aGLn-invariant function on theα-componentGLn ×GL(α) repα Q of repn CQ. From

the differentialdR0
V CQ

d
- dR1

V CQ we can define by [6]partial differential operatorsassoci-
ated to any arrowa in Q with start vertexvi and end vertexvj

∂

∂a
: dR0

V CQ - eiCQej by df =
∑

a∈Qa

∂f

∂a
da
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To take the partial derivative of a necklace wordw with respect to an arrowa, we run throughw
and each time we encountera we open the necklace by removing that occurrence ofa and then
take the sum of all the paths obtained.

Definition 3 The vacualgebraof a quiver gauge theory determined by the quiver setting(Q,α)

and the superpotentialW is the Noetherian affineC-algebra
∫

α

∂Q W where ∂Q W =
CQ

(∂W
∂a1

, . . . , ∂W
∂al

)

The affine varietyrepα ∂Q W is said to be the space ofvacuaand the algebraic quotientissα ∂Q W

is called themoduli of superpotential vacua, see for example [16].

In order to get realistic models, one has to impose additional conditions, for example that the
superpotentialW is cubic (meaning that every arrow inQ must belong to at least one oriented cycle
of length≤ 3) or thatissα ∂Q W is three-dimensional, see for example [1], [10].

Applications of Auslander regularity of
∫
α

∂Q W are well-documented in the literature (a.o.
[1, §3],[2, §6] or [3]). Applications of smoothness of

∫
α

∂Q W (that is, that the space of vacua
repα ∂Q W is a smooth variety) are more implicit. In comparing the algebraic quotient with the
moment map description (comparingF -terms toD-terms) or defining a Kähler metric one can get
by using the induced properties from smoothness ofrepα CQ. However, in comparing geometrical
properties (such as flips and flops) of related moduli spaces (of semi-stable representations for
algebraists, adding Fayet-Iliopoulos terms for physicists) one sometimes uses the stronger results
of [18] and [9] for which smoothness of the total space is crucial. Ideally, one would like to have
vacualgebras having both smoothness conditions.

Example 1 (The conifold algebra, see [4]) The relevant quiver setting(Q,α) is of the form

1
x1 ##

x2

��
1

y1
cc

y2

__

and the necklace (superpotential) is taken to be

W = λ((x1y2 − x2y1)
2 − (y1x2 − y2x1)

2)

Therefore, the defining equations of∂Q W are (taking into account thatxixj = 0 andyiyj = 0)

∂W

∂x1
= y1x2y2 − y2x2y1 = 0

∂W

∂x2
= y2x1y1 − y1x1y2 = 0

∂W

∂y1
= x2y2x1 − x1y2x2 = 0

∂W

∂y2
= x1y1x2 − x2y1x1 = 0
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Observe that these identities are satisfied forall representations ofrepα Q as α = (1, 1) and
therefore

repα ∂Q W = GL2 ×
C∗×C∗

repα Q and
∫

α

∂Q W =

∫

α

CQ

and therefore the vacualgebra is a smooth order.
Moreover, the quotient varietyissα Q is easily seen to be the conifold singularity as the ring

of invariants is generated by the primitive oriented cycles

x = x1y1 y = x2y2 u = x1y2 v = x2y1

which satisfy the relationxy = uv. Therefore, by the theorem theconifold algebra
∫
α

∂W Q is
also Auslander regular. One can also check immediately thatthe description of the conifold algebra
given in [4,§1] is the algebra of equivariant maps fromrepα Q to M2(C) (or to be more precise,
if we take the relevant gauge groups into account, a ring Morita equivalent to the conifold algebra).

By the results of [8] we know that the only type of singularitythat can occur in the center
of a smooth order (in dimension three) is the conifold singularity. Therefore, in most models
considered by physicists, see a.o. [1], [11] or [17] the space of superpotential vacuarepα ∂Q W

must contain singularities as the moduli space is a three dimensional quotient variety (different
from the conifold) or has a one-dimensional family of singularities (which cannot happen for a
three dimensional smooth order).

There is a standard way to remove (most of) the singularitiesin repα ∂Q W by restricting
to semistable representations. Let us quickly run through the process. For a dimension vector
α = (v1, . . . , vk) ∈ Nk let U(α) be the quotient of the Lie groupU(v1) × . . . × U(vk) by the
one-dimensional central subgroupU(1)(1v1

, . . . , 1vk
). The real moment mapfor α-dimensional

quiver representations ofQ is the map

repα Q
µR
- Lie U(α) V 7→

i

2

l∑

j=1

[Vaj
, V †

aj
]

There is a natural one-to-one correspondence (actually a homeomorphism)

issα Q ↔ µ−1
R

(0)/U(α)

Let µ = (u1, . . . , uk) ∈ Qk such thatµ.α =
∑

uivi = 0, then we say that a representation
V ∈ repα Q is µ-semistable (resp.µ-stable) if for all proper subrepresentationsW ⊂ V we have
thatµ.β ≥ 0 (resp.µ.β > 0) whereβ is the dimension vector ofW . If repµ

α Q denotes the Zariski
open set (possibly empty) ofµ-semistable representations ofrepα Q, then the geometric invariant
quotient

moduliµ
α Q = repµ

α Q//GL(α) -- issα Q

classifies the isomorphism classes ofα-dimensional direct sums ofµ-stable representations and is
a projective bundle overissα Q. Moreover, there is a moment map description of this moduli
space

moduliµ
α Q = µ−1

R
(µ)/U(α)

– 11 –



For more details on these matters we refer to [12].
If IW denotes the set of zeroes of the ideal of relations ofC[repα Q] imposed by the defining

relations of∂Q W , then

issα ∂Q W = (µ−1
R

(0) ∩ IW )/U(α)

and the geometric invariant quotient of the open set ofµ-stable representations of∂Q W is a
projective bundle over it

moduliµ
α ∂Q W = (µ−1

R
(µ) ∩ IW )/U(α) -- issα ∂Q W

The moduli spaces ofµ-semistable representations can be covered by open sets determined by
determinantal semi-invariants and consequently we can define a sheaf of noncommutative orders

Oµ
∂Q W over moduli

µ
α ∂Q W

which locally is isomorphic toissα A of a suitable algebraA.
In favorable situations,repµ

α ∂Q W will be a smooth variety and the moduli spacemoduli
µ
α ∂Q W

will be a (partial) desingularization ofissα ∂Q W . In physical terminology this process is de-
scribed as ’adding a Fayet-Iliopoulos term’. An immediate consequence of the theorem then im-
plies :

Proposition 1 With notations as before, ifrepµ
α ∂Q W is a smooth variety and if the partial desin-

gularizationmoduliµ
α ∂Q W has isolated singularities as its non-Azumaya locus, thenOµ

∂Q W is a
sheaf of Auslander regular orders overmoduliµ

α ∂Q W .

In physical relevant settings, the resolutionmoduliµ
α ∂Q W -- issα ∂Q W will often be

crepant meaning that the moduli space is a Calabi-Yau manifold and the sheaf of orders will be
an Azumaya sheaf. However, there may be relevant situationswhere we only have a partial desin-
gularization, the remaining singularities are necessarily of conifold type and the sheaf of orders is
locally Morita equivalent to the conifold algebra in the singularities. This explains the importance
of conifold transitions in (partial) resolutions of three dimensional quotient singularities.
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