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An Explicit Description of T 5.

Let F be a field of characteristic diﬁerent frotii 2. Cotsider the polynomial ring
Pmn_.F[ Xii(): 1< 4,5 < myi <1< mj
and the so called generic n by # matrices :
Xy = (Xi'j(!))ij € Myi(Prn,n)
The ring of m generic n by n matrices, Gu,n, is the F-subalgebra of My (Pm,»)
generated by {Xjy,...,X,,}. The trace ring of m generic n by n matrices, T, A,, is

the F-subalgebra of M (Pm n) generated by Gy, ,, and the elements Tr(Y) where
Y € G

Herstein [1] and Formanek, Halpin and Lie [2] have given an explicit description
of the trace ring of 2 generic 2 by 2-matrices. It turned out that R3,2; the center
of Ty 5, is the polynomial ring

Rop = F[Tr(X1), Tr(Xs), D(X1), D(Xz), Tr(X: Xo)]

and Mg 2 is the free Rp o-modile of rank four with generators {1, X3, X5, X1 X},
In [5] Small and Stafford proved that T2, has finite global dimension. We give

here a shorter proof of this result :
PROPOSITION : gldim(Ts ) = 5

PROOF : It is sufficient to prove that for any maximal ideal m in Ry,
gldim((T's,2),) < 5. . Comnsider first the case that m contains (X; X5 “XQX 1)2
It is easy to verify that XX, - - X s X1 is a normahzmg element of 'I]_‘g 2 and. the

quotient

'ﬂ‘z 2/'11‘2 2(X1X2 - XzXl) = 'F[X1,X2,TT(X1), T?‘(Xz)]

, Tr(Xl) Xy~ Tr(Xg) X1 Therefore | |
 Bdm(T)m/(Ta2) (X X — X X)) = 4
e | o




and by a standard argument gldim({T's 2),,) = 5. Now, let m be a maximal ideal
in Ry, not containing (X3 X» ~ X»X;)%. Because Ro2(X1Xo — X2X1)? is the
Formanek center of T2,2;,(Ts,2)m is an Azumaya algebra over the regular domain
(Rg,g)m; ,‘W’h‘ence « » ;
gldim((Ts,2)m) = gldim((Ry,2),) = 5

finishing the proof.

In the remain’ing"part of this note we will give an explicit description of the trace
ring of 3 generic 2 by 2 matrices. The center of this ring; R3 2, was described by

Formanek [3] in a rather laborious way. Workmg with 2 by 2-matrices, one uses

basicaly only two indentities
(1) : A2 — Tr(A) A4 D(A) =0
(2) : AB+ B A= Tr(A B) — Tr(A)Tr(B) + Tr(A)B + Tr(B) A

Yonsider the F-subalgebra R of A; 25 the generlc d1v1s1on algebra of 3 generlc 2

- by 2-matrices, generated by the elements :

{TT(Xl) TT(XQ, T?'(Xg),D(Xl),D(Xg) D(Xg), TT(X1X2), TT(X1X3), T?‘(XQX;;)} k

Using the 1dent1t1es (1) and (2), one verifies that the F—suba.lgebra of A3 2,
R{X;,X5,X3}is a finite module over R generated by the elements

(%) = {1 X1,X2,X3,X1X2,X1X3,X2X3,X1X2X3}

Because ;5 S R{Xl,Xz,Xg} C_ Ag 2, we get that Kdlm(R) =
© trdegp(Z (Az2)) = g by [4]. Therefore, the generatmg elements of R are a,lgebrm-‘ ff
cally mdependent Le. R is the polynomlal rmg |

F[T?‘(X] ), TT(XQ), TT(Xg), D(Xl) D(XQ), .D(Xg) TT(XIXQ), TT(Xl X3), TT(Xng)]

Further, ’11‘32 C R{Xi,Xg,Xg} C ’11‘32’ and Tr(R{Xi,Xz,Xg,})
: R{XI,XQ,X3} This entails that '11‘3 g == R{Xi,Xg,Xg} Now; let K be the ﬁeld
of fractions of R then '

dlmK(Ag 2) = dlmK(K{Xl,Xg,Xg}) < 8




because K{Xj, X5, X3} has generating set (+). Further dimg(Z (Az,2)) > 2 be-
cause 7'r( X 1X2X3) ¢ K. For otherwise, because Tr(XIX 2X3) is lmear in each of

“the generic matrices, thls Would entail that

TT(X1X2X3)
== aTT(XI)Tr(Xz)TT(Xg)
+ ﬂ(Tr(Xl)Tr(Xng) + Tr(Xg) + Tr(XIXa) + Tr(Xg)Tr(Xng))

and by spemahzmg X 1]——'(0 0), X5 }---—(‘1‘ 0)'a,nd Xsl—-(o , __1) one obtains a contradic- ‘
- tion. Combining this, we get that '

8 < dlmK(Z (A3 2))d1mZ(A3 2)(1-\-3 2) = dimy(Asz) < 8

i.e. the set (*) is. lmearly mdependent over K or R
Taking traces in th’e iden‘ti‘ty’ |

(X1X2X3)2 - Tr(XIXng)Xl X2 X, + D(X;[)D(Xg)])(Xg) =0
and s1mp]1fy1ng the first term we get that TT(X1X2X3) sa.tlsﬁes the quadratlc e )
equation : o : :
,(**)': X2 - AX +B = 0
where | | | | ‘
| ,«A Tr(X1)Tr(Xng)—i-Tr(Xg)Tr(X1X3)+Tr(_X3)Tr(Xng) Tr(Xl)Tr(Xg)Tr(Xa) |

B = D(X1)Tr(X2X3)? + D(Xg)Tr(X1X3)2 + D(X3)Tr(X1X2)
- Tr(Xl)Tr(Xz)Tr(Xng)D(Xg) Tr(X1)Tr(Xg)Tr(Xng)D(Xg)
= Tr(Xe)Tr(Xs)Tr(Xo Xa)D(Xy)
-+ Tr(X;)2 D(X5)D(X3) + TT(Xz)ZD(X1)D(X3) + TT(X3)2D(X ’”)D(Xz)
~4D(X, )1)(}(2 )D(Xs) + Tr(X: Xo)Tr(X, Xg)Tr(XgX?,) |

8o we proved the
THEOREM : If R is the polynomial ring :
F[Tr(Xy), Tr(Xo), Tr(X3), D(Xy), D(XQ),’D(X;;), T(XIXQ)’, T(X1X3), T(X2X3)] ‘
, | ; g | ;




(1) : Rz is the free R-module of rank 2 generated by 1 and T(X1X2X3)
"T(XleXg) satlsﬁes the quadratlc equatlon (**) over R.

. (2) ']1‘3 2 is the free R-moduile of round 8 generated by
{1 XI;XQ}X3;X1X27X1X3:X2X37XIXQX?)}

Being free over a polynomlal subrmg of the center T;oisa reﬂexrve module over
B3 0. Further, we claim that the locahza.tlon of T30 at a central helght one prime
is an Azumaya algebra For, such a prime p cannot contain mmultaneously the
elements (X; X, - X2X1)2 (X1 X3 — X3X1)2, (X2X3 — X3X5)? belonging to the |
 Formanek center whence ('11‘3 2)p is a localization of an Azumaya algebra Thls
proves that Ty 2 1s a reflexive Azumaya algebra. e
* This 1mp11es that T';  is not a free module over R3 9, since this would entall that
'3 2 1s an Azumaya algebra and dmdlng out the commutator 1deal one finds an
eplmorphlc 1mage of smaller p-i. degree. ‘ |
From m generic 2 by 2 - matrices one would similarly like to cons1der the F— !
: subalgebra R of A, 2 generated by the elements Tr(Xl), D{X3), Tr(X :X;). But
from m > 4 R can never ‘be a polynomlal rlng because the number of generators
in2m+ (5 ) whereas the K dlm(R) = 4m -8, '[‘herefore, a s1mﬂar approach falls |
form > 4. , |
The descrlptmn of R3 o and I3 2 can also be apphed to determine the Pomcare,j :

series. (‘Iearly,
L . 1

T—a-op
~ since deg(Tr(X }) = 1 and deg(T r(X _X,)) = deg(D(X )) =2.

Therefore,

P(R t) =

1413
P Py
| = ( 3,25 ) (1—t)3(1——t)6
whence R3.5 cannot have ﬁnrte global dimension, for otherw1se the Pomcare series

should have the form ?m for some f (t) AL ] Flnally, :

; (T3’2% =Gz 1 -#2)5 (1881 — )3

4
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