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0. Introduction

Some concepts from algebraic geometry such as Cartier and Weil divisors
of a scheme were used in a very elegant way by V.I. Danilov [2][31[4]
in order to study the ralation between the classgroup of a normal domain
R and the classgroﬁp of RI[t]], the ring of formal power series over R,
a problem which has its roots in a conjecture of P. Samuel, cfr. [2] [5].
The strategy he uses is the following : first, one can express the class
group of a normal domain R in terms of Picard groups of certain open
subschemes of the affine scheme X = Spec(R). The next step is to use the
good functorial properties of Picard group and the fact that there is a
regular closed immersion of X into Y = Spec R [[t]], to prove the desired
theorems on the open sets mentioned above and afterwards Danilov pulls
the obbtained information back to the class group.

In this way Danilov was able to define a natural splitting morphism for

the morphism :
ClR~> ClRI[t]]

and té give some necessary and sufficient conditions on the normal domain
R in order to ensure that this morphism is actually an isomorphism. If
this is the case, we say that R has a discrete .class group . If Ais a
maximal order over a normal domain domain R in some central gsimple K-
algebra Z, K being the field of fractions of R, one can define the
normalizing class groups C1(A) of A to be the guotient group of the free
Abelian group of twosided divisorial A-ideals modulo the subgroup of
those divisorial A-ideals which are generated by a normalizing element
(i.e. an element x € 2 such that x A = A'x), cfr. e.g. [1],1[7].

Because two sided fractional A-ideals extend to twosided fractional

A[[t]] -ideals and A [[t]] is again @ paximal order, cfr. [8] , one has a

natural morphism :

C1A-> CclA[[t]]




We say that A has a discrete normalizing class group if this morphism
is an isomorphism. The main aim of this paper is to study whether having
a normalizing class group is a central property, i.e. we would like to

answer the following two problems :

Problem A : if A is a maximal order over a normal domain R having a

discrete class group, doet this imply that A has a discrete normalizing

class group.

Problem B : If a maximal order over a normal domain R has a discrete
normalizing class group, does this imply that R has a discrete class

group ¥

We will answer problem A affirmatively as wéll as Problem B is the maximal
order considered is an Azumaya algebra. Even for reflexive Azumaya algebras
it is not clear to the author that Problem B should be true.The main problem
seems to be that torsion elements of the class groups of a normal domain

not contained in Pic(R) can be killed in a reflexive Azumaya algsbra. Some

examples of such a situation are given.

1. The natural splitting.

Let us start by generalizing Danilov's construction of the natural

splitting to maximal orders

Theorem 1. If A is a maximal order over a normal domain R, then C1(A) is

in a natural way a direct summand of CI(A[t1].

Let us first introduce some notation : X = Spec(R), Y = Spec R [[t]] and
Js X Y\is the natural embedding identifying X with V(T) through the
map which assigns to a prime ideal p of R the prime ideal R[{t]llp +

RI[t]] t. It is clear that j is a regular closed immersicn. Further,




let 8 denote the structure sheaf of the R[[t]l]-algebra A[[t]]

A [[t]]

over Y. If A is a divisorial ideal of A[[t]], then 6

A will be its structure

sheaf as an R [[t]] -module. Clearly, 6

ﬂA’iS a divisorial gA[[t]] -Icdeal.

Because maximal orders over discrete valuation rings are-left-and right
principal ideal rings, we have that (QA)P = (QA[[t]] )P.a for some

mp EA [[‘t]]P for every height one prime ideal P of R[[t]] . Clearly

this equality extends to some open neighbourhood of P in Y.

Now, let P = p R[[t]]l + t R[[t]] for some height one prime ideal p of R.
We claim that (QAJP is an invertible (2A [[t]]JP—ideal. For, A%[[t]]_which
is a maximal order over the regular local domain R, [[t]] (because j is

. a regular embedding !) and Ab[[t]] is of global dimansion two by

[ 10, Prop. 5.8.]. Finally, Ab[[t]] is quasi-local and therefore every

left divisorial Ab[[t]] - ideal is principal by the proof of [ 10, Th. 5.4.],
So, Ab[[t']](gﬂ]ﬁ is principaliand by Faithful%yfflat descent (as in the
com@utative case) so-is (gﬂ)b'

Concluding, 0

—A

which includes all height one primeiideals of R[[t]] as well as all

1 - . 0 o 1 .
is an 1nvert1ble-ﬁA [[t1] ideal on some open set of Y

primes of the form p R[[t]] . t R[[t]] for p a height one prime of R.
Let U = j—1[VJ, then U is an open set of X contdining all height one
primes. Suppose ju : U= Y is the composite of the embedding of U in X
and j, then j:(ﬂA] is an invertible [QAth;ideal; Qhere’ﬂA ié fhe structure
éhea# of the’Rmalgebra A on X. But then clearly F(U,jZ[QA]J is a twosided
(1)

divisorial A-ideal because X {R) € U, This defines the mapping

*
jA.: CIA[[t]]) = C1eA)

— ] " -* [3 3 * .
It is also easy to see that j 1s a groupmorphism and that j ¢ields a

splitting for the natural map

*
iy Cl(A) = ClA[[t]] 0




*
In particular, this theorem implies that iA is a group-monomorphism.

2. Affirmative answer to problem .A.

Proposition 1. If A is a maximal order over a normal domain with discrete

classgroups, the A has a discrete normalizing class group.

Proof. Recall from [ 6] that the central class group, CCl(A), of A is the
quotient group of the group of two sided divisorial A-ideals modulo the
subgroup of those which are generated by a central element. From [8] we

retain that the natural sequence :

m
1—»C1(R) —=> CCl(A)—s @ Z/e, Z — 1
i=1 -- 7
is exact and that Coker(#) is a finite group determined by the ramified
height one primes of A. Our first claim is that the following commutative

diagram is exact :

B ‘ e
1= Cl(R) m—ebs CCIA) e @ Z/e, 7 —> 1

Lo

' m’
1 CIRI[t1]1)—E—5 CCIAI[ £]]) ——> @ Z/f, Z —> 1
3=1

IR

For,Aiéf c € R be an element of the Formanék—center of A, cfr. e.g. [9],

then ./\.C is an Azumaya akgebra over Rc' This entails that A.[[t]]C E'Ac@%'l?o [[t]1]
is an Azumaya algebra over RC [[t]] . Therefore, the only ramified one °

prime ideals of A[[t]] are of the form P [[t]] with P a ramified height

one prime of A. This proves that Coker u = Cokér #' as claimed.

Applying the snake lemma to the diagram above we get CC1{A)=CCl(A[[t]]).

If we denote with Oucent(-) the guotient group Aut(-)/In(-) where In(-)

is the group of inner automorphisms, we get the following exact commutative

diagram :




1 > Outcent (A) e CCL{A) gy C1(A) e 1

L)

1z Outcent (A [[t]1]) = CCLA[[t]]) m—ss CLA[[£]]) ———> 1

Injectivity of o follows from theorem 1 whereas surjectivity follows from

the diagram , finishing the proof.
An immediate consequence of this result is :

Corrollary 1 : If A is a maximal order over a regular domain R, then A

has a discrete normalizing class group.

3. Problem B for Azumaya algebras.

Proposition 2. If A is an Azumaya algebra over a normal domain R with a

discrete normalizing class group, then R has a discrete class group.

Proof. For any Azumaya algebra I' over a normal domain S one has CCl{I'} =C1(S)

hance we obtain the following exact diagram :

1 ey  Outcent (A) e C1(R) moy CL1(A) e 1
; ;
13 Outcent(A[[t]D) =2 CIR[[t]])— CI1A[[t]]D) —> 1
We claim that Outcent(I') consists of torsion elements of the Picardgroup
of S Fér any Azumaya algebra over tha normal domain S. For, suppose that
I is a divisorial S-ideal such that I'.I = I'.m for some normalizing element

! 1 and I.I—1 = 5 because for any S-ideal J we have

m, then I'.I ' = I'.m
that I'.J N L =J where L 1s the field of fractions of S. Therefore, I is

an element of Pic(S) and moreover, taking reduced norms, we get
1" = S.nr(m)

where n = p.i.d.(I'), showing that I is a torsion element in Pic(S), finishing

the proof of our claim.




Now, let us show the the morphism QOutcent(A) > Outcent A[[t]] is
epimorphic. If[1] € ButcehtGA~[[t]]),~then [I]14is an element of Pic R[[t1]

For any normal domain R, we know.that the natural morphism
Pic R~ Pic RI[[t]]

is an isomorphism, showing that there exists an element [IO] € Pic (R)
such that .IO [[t]]=1I. Further, by the injectivity of the morphism
Cl(A) » C1 A.[ft]] it follows that [IO] € Quteent(A).

Finally surjectivity of a and the snake lemma entails that Cl1(R) -

ClRI[t]] is epimorphic, finishing the proof.

Recall from [11] that an algebra A over a normal domain R is said to be

a reflexive Azumaya algebra if the natural map
*k
(A @ ASPPY"___5 End,, (A)

is an isomorphism of R-algebras. For reflexive Azumaya algebras one can
also prove that CC1l(A) = CI(R) but the difficulty in extending the foregoing
proposition to reflexive Azumaya algebras is that Ker(C1(R) - Cl(A)) =
Outcent{A) does not necessarily consist of elements of the Picard group

of R. Let us give an example of such a situation :

Example 1. Let R be a normal domain and let I be a representant of a

2-torsion element in Cl(R). Consider :

21

R I
A = EndR(R ® 1) = . )
I R

then A is a reflexive Azumaya algebra over R(A is Azumaya if and only if

[I] € Pic(R)). This entails that there is a well defined isomorphism :
Y : DR > DA); YA = (AA)

showing that every divisorial A-ideal is of the form :




( A I*A)
17 % A A

where A € I (R). ¥ induces a morphism
® : C1(R) = C1(A)

which is really epimorphic. The class of an ideal A is killed under ® if
and only if :

A® (I * A) =R®I

the isomorphism being one of R-modules. So, in particular, if we take

A=1¢then ®{I]D = 1 since

Where the element on the right is redily checked to be & nontrivial
normalizing element of A,

Thus, any 2-torsion element of the class group (resp. of the Picard group)
of R can be killed in the normalizing class group of a reflexive Azumaya
algebra (resp. Azumaya algebra) over R of p.i. degree 2.

This construction can of course be extendéd to higher torsion elements
Take [I] € Cl[R)n, then let

2

A=End,RPI®I°®.. 0 ]

and the class of a divisorial ideal A is killed in C1(A) if and only if:

1 1

APA*XI1)0. @ A* I ) 2ROI®.®T"

n-1

. . i Kk
S0, in particular, taking A =T and I % I = R& we know that {A.I)

is generated by the normalizing element

0
1
0

see X O O

.
-




Conversely, it is of course easy {(taking reduced norms) that the kernel
of the natural morphism C1(R) = Cl{A) consists of n-torsion elements

if n = p.i. degree(A).
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