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0. Introduction

The classical Mori-Nagata theorem (stating that the integral closure
of a Noetherian domain i1s a Krull domain) is recently generalized to
rings satisfying a polynomial identity in the following result by

M. Chamarie :

Theorem 0.1 : [ 1] If A is a Noetherian prime p.i.-ring with center

R and ring of quotients £ , then there exists an intermediate ring
N

A CACZ which is a maximal order with center R (the complete

integral closure of R) which is a Krull domain.

Unlike in the commutative case, this 'integral closure’ is by no

means unique. This difficulty prompts the following question :

QUESTION A : If A 1s a maximal order over a Krull domain R, with
ring of quotients £ (which is a central simple algebra over K,the
field of fractions of R), is it possible to describe all other maximal

R-orders in ¥ by means of 'invariants' of A ?

In this paper we provide a positive answer to this question using
cohomology of the sheaf of normalizing elements of A (introduced in
[ 3 ]J).Furthermore, we will apply this result in section 3 in order

to solve :

QUESTION B : If R is a locally factorial Krull domain with field of
fractions K, give necessary and sufficient conditions on R such that

all maximal R-orders in Mn(K] are conjugated.




1. Preliminaries

Throughout, we will consider the following situation. R 1s a Krull
domain with field of fractions K and A is a maximal R-order in some
central simple algebra X over K.

With QR (resp. 9A ) we will denote the structure sheaf of R (resp.A )
over Spec(R). Our first objective is the introduction of the sheaf

of normalizing elements of A, §A . It is defined by assigning to an
open set U of the Zariski topology on Spec(R) the sections F[U,ﬁA; =
NTW,0,0) = { x € 27: xI'(U,0,) = P(U,0,)x } .

Proposition 1.1 : NA is a sheaf of groups and the stalk in a prime

p of Spec(R) equals N[Rp] .

proof

Let us first check that §A

is a presheaf. A typical open set of Spec(R) is of the form X(I) =

with Inclusions as restriction morphisms

{ p€ Spec(R) : T Zp } for some ideal I of R and it is well known
that F(X[I),gA] = QI(A) = {x€2Z: LELMI : Lx €A} where £(I) =
{LER:IC rad[L} }. So, if X(J) € X(I), then L(I) C £(J) and we
have to prove that N(QI[A)J c N(QJ(AJ). It follows from some results
of Chamarie [ 1 1 that each QI[A) is again a maximal order over its
center which 1s a Krull domain and that the localization map QI[.]
defines a groupepimorphism from Div(A) onto Div(QI(A]], where Div(.)
is the group of divisorial ideals, cfr. e.g. [1 1.

Thus, if x € N[QI[A]], then there exists a divisorial A-ideal A such
that QI(A) = QI(AJX. fherefore, it will be sufficient to prove that
QJ(AJ = QJ(A}X. So, let vy € QJ(AJ, then there exists an ideal K € L£(J)

such that Ky C A C QI[A) = QI(AJX , whence nyulI - QI[A] - QJ(AJ and




thus y><“/l € QJ[AJ because every symmetric localization of A is
idempotent, so y € QJ[A)X. Conversely, if y € QJ(AJ then Ky € A
for some K €p (J), whence Kyx C Ax C QI(A]. Thus, for every k € K,
we can find an ideal L €p (I) C g(J) such that Lkyx C A whence kyx
€ QJ(A) and thus Kyx C QJ[A), yielding that yx € QJ[A]. Thus, QJ[AJ

= QJ[A)x finishing the proof that N, is a presheaf, which is clearly

A
separated. Therefore we are left to prove the gluing property. Sb, let

Ui t 1 €1 be an open covering of U and let x € F(Ui’NA) for

! & = | = = )
every 1 € I. Then, xI'(U,0,) = x(n I‘(Ui,C_)AJ) N I‘[Ui,QA)x I‘(U,QA)x
whence x € F(U,ﬁAJ.
Finally, let us calculate the stalks of @A at the point p € Spec(R).
Clearly, (§A]p C N(Rp). Conversely, if x € N[Rp), then there exists
a divisorial A-ideal A such that A_ = A x. Thus, (0,) =A x and
3] p -A'p p
likewise (0.,-1) = A x_1, where O  (resp. O,-1) is the structure sheaf
-A p D -A -A
of A (resp. A_ql. Now, we can choose a neighborhood V of p such that
- -1 -1 -1

c . -

x € I'(v,0,1 and x & T'(V,0,-1). Then, x T(V,0,)x C x I'v,0,) € T'(v,0,)

whence T'(V,0,)x CxI'(V,0,) and likewise one can prove the other in-

clusion yielding that x P[V,gA), finishing the proof.

The sheaf N

" is not necessarely a constant sheaf, as the following

example shows

Example 1.2 : Let A = €] X,-] where - denotes the complex conjugation ,
then is a maximal order with centerT_R[X2 1. In[6 1it is proved that
{ X2 +c 3 c>01} is precisely the set of the prime ideals o-F{R[X2 ]
Whose valuation extends to a valuation in €(X,-). If @A were constant ,
N(R) = E€(X,-) yielding that every localization of A at a prime ideal

is a valuationring, a contradiction.




2. The main theorem

In this section we aim to sclve guestion A , i.e. we will show how one
can construct all maximal R-orders in a central simple algebra I over
K from a given maximal order A . From [1 Jwe retain that all maximal R-
orders are equivalent. Of course, being conjugated defines an equiva-
lence re2ation on the set of all maximal R-orders, so our study splits

up in two cases :

I : The study of those maximal orders which are conjugated to A . They

*
are of course classified by the set ¥ /N(A) .

IT : A description of the eguivalence classes of nonconjugate maximal

orders.

The next theorem provides such a description by means of cohomology

pointed sets , cfr. e.g. [2,5].

Theorem 2.1 : There is a one-to-one correspondence between :

(a) : equivalence classes of nonconjugate maximal orders

(b} : elements of the pointed set 1lim H1
= Za

limit is taken over all open sets U of Spec(R) containing X1[R], the

(U,N.) , where the direct
r =A

set of all height one prime ideals of R .

proof

Let A' be any maximal R-order in.Z. By O (resp. Q') we denote the
structure sheaf of Alresp. A'J over Spec(R) . T (the conductor) is
defined by assigning to an open set U of Spec(R} the sections :

rw,T) = {x€ 2 : TU,A")x CT(U,A)} . First, we check that ¥ is a
sheaf . We claim that inclusions are well defined restriction morphisms.
For, let X(J) C X(I) be open sets of the Zariski topology of Spec(R)

and let y € I'(X(I),T) ,




x € T(X(J),0') , then Lx CA' for some L € £(J) whence Lxy C
I'(X(1),0) C I(X(J),0) entailing that xy € I'(x(J),0) so y € T(X{J),T)
finishing the proof of our claim. So, T is a presheaf .

Furthermore, if Ui is an open covering of U and if y €N F(Ui,T] s

then I'(U,0")y =N F(Ui,Q’)y cn F(Ui,QJ = I'(U,Q) proving that y €
I'(U,T) and therefore T is a sheaf.

For every open set U of Spec(R), I'(U,0) and I'(U,0') are both maximal
F[U,QRJ-orders, hence they are equivalent. By a local application of
lemma VII.1.3 of [4 ] it follows that T is a c-0'-O-ideal contained
both in O and in O'. By this we mean that for every open set U , T'(U,T)
is a left fractional I'(U,0')-ideal and a right fractional I'(U,0}-ideal

1,-1 1

such that (C(U,T)" )" =T(U,T) , where T(U,T) = { x € T : T'(U,TIx

C T'W,0) }={x€Z:xrWUIT CIU,0"] } . It is readily verified

that an which is defined by taking for its sections F(U,TD1] =

F[U,T]_1 is also a sheaf and a c-0-O'-ideal.
Now, let p be any height one prime ideal of R. It is well known that

Ap and Aé are both principal left and right ideeal rings. Therefore,

~

there exists an invertible element s, of ¥ such that (@]p = spA; .

Furthermore, [T—1J () = A_ entailing that A 5_1A's A = A whence
- p -b p PP PPP P

s—1A’s CA . By maximality of sw1As this entails that squ's = A,
p PP p p P P PP p

We claim that there is a neighbeorhood V(p) of p such that :
-1
s_ (0' |V(p))s_ = O [VI(p].
p = p p = p
Since both T and Tt1are sheaves, sp and 3;1 live on a neighborhood

V(p) of p. Therefore, spF(V(pJ,QJ Crp),T) and F[V[pJ,Q]s;1 C

1 1

rvip),T ). Hence, F[V[p],Q]s;1 CTW(p),Y ') = TV(p),T) " C

1

(s TV (p),00)7" = F(V(p],Q)s;1 and therefore T(V(p),T 1) = F[V(pJ,Q]s;1

and likewise, T'(V{p),T} = spF[V(p),Q].This then entails that :

-1
0’ [v(p)ls_ =0 IV(p) .
°5 (O plls, =~ P




Thus, U V(p) is an open set containing X1[R]. Now, X1(R) equipped
with the induced Zariski topology is a Noetherian space and
therefore we can find a finite number amond these V(p) , say V[p1]
...,V[pn) such that U = U V[pi) contains Xq(R) .

For any 1i,j € 1,...,n we have that

-1 -1
0| )N . = )N .
sp (0 V(pll V(pJ]]sp sp.[Q | V(pll V(pJJ]sp

i i N 3
and this entails that sgqs € Tvip,) n V(pj],NA].
i3
Therefare {V(pi],sp } describes a section of F(U,§*/ N,J.
i

Now consider the exact sequence of sheaves of pointed sets :

* *
71— NA — X — 3/ EA —» 1 . Taking sections over U yields the

exact sequence of pointed sets :

1

* *
1 — N(A] —rn X — F[U;E / N ]-—%* H
- -A Za

Therefore, the section {V(pi),sp } determines an element in
: i
H/I {(U,N,) (and thus alsoc in 1lim H1
r -A Za

(U,N, 1)) which differs from the
Za r -A

distinguished element in H;ar[U,ﬁAJ if and only if A' is not conjug-

ated to A .

Conversely, let s € 1lim H;ar[U’NA] and choose an open set U of Spec(R)

1

containing X1(R] and an element s(U) € HZa

r[U’NA] which represents s.
Using the above exact sequence, s(U) is determined by some section
*
in T'(U,Z / NA]. Such a section is given by a set of couples {(Ui,si]}
*
where Ui is an open covering of U, 4 € F[Ui,§ } for every i and
for all i and j we have that sj1s, er, Nnu,,N,J. On U we will
i 7] i JT-A
define the twisted sheaf of maximal orders O'l U by putting
o' luy, = s,(0 |U.Js-.-1 . Using the fact that s?1s, erw, nu,N it
- i i- i"i i 7] i JT-A
is easily verified that this is indeed a sheaf. We claim that
A' =T(U,0' 1U) is a maximal R-order.
Firstly we will show that there exists an open refinement {Wk} of
-1

* ¥*
€ I'(W,2" ) such that t, t; € T(W N 1,0

{ Ui } and sections t « E1

Kk




and with the property that the twisted sheaf of maximal orders
determined by (wk,tkl coincides with O' on U W, . Because X1(R) is a
Noetherian space, there are a finite number among the Ui’ say U1,...,
Un such that U' = U Ui 2 X1(R]. For any i,j among 1,...,n , Z(i,])
={pE€ U, n Uj : 8;18j & Ap } is a finite set, because DivFF[U,Q]] is
the free abelian group generated by X1[R] N U for any -open set U,

So, Z(1) = Z(1,2) U Z(1,3) U ... U Z(1,n) is a finite set. Now because
the Zariski topology induced onqufR) is the cofinite topology ,

there exists an open V in Spec(R) such that Vv N X1(R) = thR]/ Z(1).
Take W, = U, NV , W, = U, , for 1 #1, t, = s, lwd and t, = s, for
i # 1, then t;q.tj € F(W1 N Wj,Qﬁ. Continuing in this manner we will

eventually find [wk’tk] satisfying the regquirements, in particular,

if W= uwk , then O' W coincides with the twisted sheaf of maximal

orders determined by the tk'
Next, we define a sheaf T IW by T W=t (01w, Clearly, Tl W is a
right O - ideal and (T tw™H™T - T Iw , this yields that for every

open VC W , I'(V,0) is a right fractional c-TI'(V,Q)-ideal. This implies
that 0, T(V,T)) = I'(v,0 W) is a maximal order.

In particular, I'(W,0' tw) = P(U,Q'I-U] is a maximal order.

Finally, the reader may check that the constructions above do not

depend on the choices made.

Corollary 2.2. : If R is a Dedekind domain, there is a one-to-one

correspondence between :
{a) equivalence classes of non-conjugate maximal orders

1
(b) elements of Hzar[X,ﬁAJ




3. Application : maximal orders in matrixrings

In this section we aim to characterize those locally factorial

{i.e. Rp is a UFD for every p € Spec(R})) Krull domains for which all
maximal orders in Mn(K] are conjugated. In this situation we are

able to compute H;ar(u,§AJ for A =M (R).

With Eggn we will denote égg(ﬁg) , the automorphism scheme of the
n-dimensional projective space over R, l.e. EQEH is the sheafification
of the presheaf which assigns PGLn(F(U,Q }J) to any open set of

Spec(R), cfr. e.g. [ 5 1.

Proposition 3.1. : If R is a locally factorial Krull domain and if

1 1
A= N =
Mn(R) , then HZar[U’—ﬁg HZar(U,EQEn] for every open set U of

Spec(R).

proof

If we assign to an open set U of Spec(R) the group GLn[P(U,EﬁJJ.K*

C GLn[K] , then this defines a presheaf of groups. Its sheafification
will be denoted by an.g* .This sheaf is clearly a subsheaf of N, ,
We will show that their stalks are isomorphic. If p € Spec(R) and if

x € N(Mn(Rp]] , then Mn(RJx = Mn(A] for some divisorial Rp-ideal A.
Because Rp is a UFD , A = Rp;k for some k € K* , yielding that x

€ GLn(RpJ.K* proving that an.g* = Ny

The following sequence of sheaves of groups is exact

*

*
T— K -= GL .K —+ PGL —5 1

where E*.denotes the constant sheaf associated with K* .

Taking sections over U yields the following long exact cohomology
sequence :

1 — T,k — TW,NJ — T(U,PeL ) —

1 1
N .
— 1 — H, U, Ng > H, (U,PEL ) — 1




finishing the proof.

A : Dedekind domains

Proposition 3.2 : If R is a Dedekind domain, then all maximal R-orders

in Mn[KJ are conjugated if and only if (-3" : C1(R) - C1(R) sending

[A] to] A" ] is an epimorphism.

proof

In view of Coroll.2.2 and Prop. 3.1 we have to find an equivalent
condition for H;ar[X,EQEn) = 1 . Writing out the long exact cohomology
sequence of the following exact sequence of sheaves of groups :
1 —s 05— 6L — POL — 1

-R ==n -==n
entails :
H;ar[x,ggl_f; H) OGBL ) —s HI_ OGPBL ) —s Ha_ (X,0F)
Because R is a Dedekind domain (Krull dimension = 1) Hgar(X.Q;) = 1.
Furthermore, H;ar(x,ggnl is the set of isomorphism classes of
projective rank n R-modules, which we denote by Projn(R]. By Steinitz’
result any projective rank n module is isomorphic to J,l & ... @ Jn
for some fractional R-ideals Ji and § is epimorphic if and only if
theré exlsts a fractional R-ideal I such that J1 ® .. ® Jn =

I e...e I yielding that J,...J ¥ 1", finishing the proof.

Remark 3.3 : F. Van Dyétaeyen suggested a more ringtheoretical

proof of this result in the following way. Because all maximal R-orders
in Mn(K) are Morita equivalent and Mn[RJ is Azumaya, they are all
Azumaya algebras. Furthermore Br(R) Br(K) whence any maximal order
is of the form EndR[P) where P € Projn[R].Applying again Steinitz’
theorem to the condition EndR[Plé Mn(R) ylelds the same condition

on C1(RJ).
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We recover the classical result of M. Ramras for matrixrings

Proposition 3.4 : If R is a regular local ring of gldim(R) < 2 ,

then all maximal orders in Mn[K) are conjugated.

proof
We have to check that H;artu,eggn) = 1 where U = X(m) , m being the

maximal 1ldeal of R. Again consider the exact sequence :

1 * 1 1 2 *
HZar(U,QR) — HZar[U,QEnJ — HZar(U,EQLn]-—+ Hzar(U,QRJ
Now, H;ar[U,an] is the set of isomorphism classes of reflexive

R-modules which are free of rank n at every height one prime ideal
of R, Refn[R] . Because gldim(R) < 2 , reflexive modules are
projective whence Refn[RJ = Projn(R) and Refq(R) = Pic(R) . Finally,
R being local Pic(R) = Projn(R] = 1 and therefore all cohomology
pointed sets above are trivial exept perhaps H;ar(u,eggnJ but

exactness of the sequence finishes the proof.

Theorem 3.5 : If R is a locally factorial Krull’domain then all
maximal orders in Mn(K) are conjugated if and only if the map from

Cl1(R) to Refn[R) sending [I] to [I® ... ® I] is surjective.

proof
Consider the exact sequence :

. 1 * . 1 . 1 . 2 *
1im H [U,QR]-——a lim H (U,GL ) —> 1lim H (U,PGL ) ~— lim H [U,QR)

where the direct limit is taken over all opens U containing X1[R]
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Because R is locally factorial, Cartier divisors coincide
with Weil divisors showing that the sequence :
1 — Q; —» K — Div — 1  1is exact. Because the sheaf of
Weil divisors , Div , is flabby Hiar(U,Q;] = 1 for any open set U
showing that the last term in the sequence vanishes,
So, by Th. 2.1 and Prop. 3.1 all maximal orders in Mn(K] are con-
Jjugated iff the map from 1lim H1[U,Q;) = C1(R) to lim H1[U,§En) =

Ran[R) which is defined by sending a class of a divisorial ideal

[T] to [I® ...® I] is surjective.

Finally, it is a pleasure to thank F. Van Oystaeyen, J. Van Geel

and M. Vanden Bergh for many stimulating conversations.
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